Fang et al and its superiority to other common methods, such as uniform method, chord length method, centripetal method, Foley method and universal method, etc., is validated by a lot of numerical examples. In this article, a refined formula is firstly given to resolve the problem that the parameter values obtained by Fang's method are usually a little bigger than the optimum ones. Furthermore, as enlightened by the local differential geometric properties of parametric curves, a novel parameterization scheme is put forward by introducing the discrete curvature and torsion information at each point. As indicated by numerical experiments, the deviation measured by a curvature and Euler distance-based criterion between the interpolation B-spline curve obtained by our method and the polyline constructed by the points are smaller than the ones between the curves obtained by Fang's method, the chord length method, the standard centripetal method and the polyline. The proposed algorithm is applicable to both 2D and 3D points and has a distinct advantage for 3D points as compared with the three aforementioned methods.
Introduction
Parameterization for a set of data points is one of the fundamental problems in curve and surface interpolation applications [1] [2] [3] . Appropriate parameters of data points can be further used to construct a knot vector and compute the control points of the interpolation curve. The common parameterization methods are uniform [1] , chord length [4] , centripetal [5, 1] , Foley [6] and universal methods [7, 8] , among which the chord length and centripetal methods are the most popular parameterization algorithm in the CAGD community. Recently, a refined centripetal parameterization method is presented by Fang et al [9] . All the aforementioned methods are obtained by mainly taking planar points as research focus and utilizing the information of distance between any two successive points, the angle between two successive lines and the discrete curvature at each point, and they are usually used in 3D points' parameterization and curve/surface interpolation problems directly.
The parameterization is also one of the key steps for 3D data points and surface interpolation [2, 8] . At present, the familiar way is directly applying the above methods in 3D point cases. For spacing points, there's usually an angle φ i between the triangles constructed by the three consecutive points P i-1 , P i , P i+1 and P i , P i+1 , P i+2 (see Fig. 1 ). It is evident that the chord length and centripetal methods only utilize the distance information. Furthermore, Fang used the information of the external angle θ i rather than the angle φ i . When the value of φ i is not equal to zero, the interpolation curve is not only crooked but also torsional at the point P i+1 . From the differential geometry point of view, the local configuration of a space curves at a point is confirmed by both of the curvature and torsion [10] . In this paper, we concentrate the problem of 3D points' parameterization and a new parameterization scheme fully distilled the high-order differential geometric quantities, such as discrete curvature and torsion, implied by the points is put forward, which is also appropriate for 2D points. 
Data points parameterization

B-spline curves
B-spline has been proven to be the most popular representation method for free-form curves and surfaces. In the paper, we adopt B-spline curve interpolation to illuminate our parameterization scheme. A k th -order B-spline curve is represented as where {B j } is the control points, and {N j,k (t)} is the normalized kth-order B-spline basis functions defined on the knot vector T={τ j } j=0,1,…,n+k. The B-spline curve interpolation problem is formulated as follows. Given the points {P i } i=n+1, the associating parameter values t i for each point P i can be obtained by a parameterization method and the knot vector T can be computed by the average method [1] as follows:
PoS(CENet2017)093
Discrete Curvature and Torsion-based Parameterization Scheme for Data Points
Then the control points {B j } of a B-spline curve are unknowns to be calculated to satisfy P(t i )=P i , i=0,1,…, n, i.e. the interpolation curve P(t) passing through the points at the associated parameter values.
Common parameterization methods
There are several classical techniques to choose the parameters {t i }, such as uniform, chord length, centripetal, Foley and universal method, etc.. The uniform method does not use the distance information between each pair of consecutive points, while the chord length and centripetal ones utilize the information. The uniform, chord length and centripetal methods can be formulated uniformly as follows. 
For more details about the definition of d i , please refer to [6] . Lim develops a new parameterization approach named universal based on the above methods [7, 8] .The key idea of this method is using the parameter i t associated with the maximum of the basis function N j,k (t).
Among the aforementioned methods, Foley and the universal parameterization are not very popular because of their laborious computation. The uniform method is rarely used as its bad parameterization effect for the final interpolation curves. So the popular parameterization methods in the context of CAGD are chord length and centripetal algorithms.
Fang's parameterization method
Fang et al provided a refinement of the classical centripetal parameterization method by introducing the discrete curvature information at each point [9] . The geometric intuition of the method is that the flexure of a curve at one point will elongate the arc length around the neighborhood of the point. For the points' parameterization, it signifies the parameter interval between the point and the next one will be augmented. Fang's method is formulated as 0.5
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where θ i and e i are the exterior angle of the triangle ΔP i-1 P i P i+1 and the parameter disturbance quantity at point P i respectively, the coefficient α is determined as 0.1 by an experimental way, and l i is the magnitude of the shortest side of the triangle ΔP i-1 P i P i+1 . The characteristics of Fang's method are summarized as follows: (1) it has fully used the geometric information of distance, angle and discrete curvature of the given point set; (2) as compared with the centripetal and other methods, the final interpolation curve obtained by Fang's has less deviation to the polyline constructed by the points and the parameters for the points are more optimized. Moreover, its computation is also compact.
Curvature and torsion-based parameterization
Refinement of Fang's method [9]
A B ds ds Obviously, when use the circumcircle of the triangle ΔAP i B to approximate the local of the curve around P i , the local of the curve is geometrically inside the circle and that means the arc length of P i B is bigger than ds.
Based on the above observation and the simulation results of the method, we've found that the disturbance quantity e i in Fang's article is bigger than its optimum. Aiming at the limitation, we give a corrected way by using the average of the chord length P i B and the arc length P i B to approximate the increment ds, i.e. 
where l i is the length of the shortest side of the triangle
Substitute them into Equation (3.1) then it follows that:
Thereby the parameter value for each point P i (i=1,…, n) in the given data set can be computed by
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where t 0 =0.
Analysis for the two methods
From Fig. 3 , we can get the following conclusions by analyzing the formulations of Equation (2.3) and (3.1).
(1) If . It shows that the range of the value of Equation (4) 
Discrete curvature and torsion-based method
Given a set of 3D points randomly, the fitting curves usually have torsion as the points are not coplanar. The common parameterization methods like chord length and centripetal, and Fang's method usually take the geometric information of point position, lengths of line segments, angles between the line segments and the discrete curvature at each point into account rather than the higher-order geometric information of torsion. According to the local differential geometric characteristics of a space curve, the shape of the curve around a point is only determined by the curvature and torsion at the point. Based on the method in Section 3.1, a discrete curvature and torsion-based parameterization scheme is proposed for 3D points.
There are a lot of methods to calculate the discrete curvature and torsion [11] [12] [13] [14] [15] . In the paper, we choose the following approach to estimate the torsion at each point [14, 15] . Fang's method method in section 3.1
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Discrete Curvature and Torsion-based Parameterization Scheme for Data Points Xiongbing Fang by Equation (3.4) at points P 2 , P 3 , ..., P n-1 , and equals zero at P 0 , P 1 , and P n . Finally, the discrete torsion at each point P i (i=2,…,n-1) is estimated as
When the points P i-2 , P i-1 , P i and P i+1 are coplanar, τ i =0; Otherwise, τ i ≠0. The sign and absolute value of τ i determine the direction and degree of the tortility of the final interpolation curve at P i , respectively. Hence, the parameter correction induced by the torsion at a point can be expressed as f i =β|τ i |, where the scale β can be set as a constant or variable. Thus the parameter t i associating with P i can be formulated as 0.5
where i e is computed by Equation (3.1). For 2D points, all the discrete torsions calculated by Equation (3.5) are zero, and thus the Equation (3.6) is equivalent to Equation (3.3) . Consequently, the proposed method depicted by Equation (3.6) is appropriate for both 2D and 3D cases.
Criterion of interpolation precision measurement
The knot vector and interpolation curve can be constructed after the parameter values being computed by Equation (3.6). Different parameter values usually result in different shapes of curves and the deviation values of those curves to the polyline of the data points may be different. There are many criteria to measure the divergence [16] [17] [18] . In the paper, we utilized the curvature and Euler distance-based criterion depicted in [9] to compare different methods.
Value range for α and β
Experimental results show that the optimum value of α has relation with the shortest side length of the triangles constructed by each triple of consecutive points, i.e. the bigger the side length is, the smaller the value of α will be. The value of the torsion augmented coefficient β has relation with the points' torsions, i.e. the bigger the torsions are, the smaller the optimum value of β will be. In this work, we recommend using 0.05 as an initial value for β.
Numerical experiments and discussion
Numerical experiments
We compare our approach developed in Section 3.3 with the chord length [1] , centripetal [1, 4] and Fang's methods [9] by four examples. For the sake of justice, the curvature and Euler distance-based criterion for the deviation of the final interpolation curve from the data points is chosen as the unified comparison standard for the four methods. We choose the cubic B-spline curve as interpolation curve and the average method to calculate the knot vector T={τ j }. Once the parameters {t i } is get by one of the four approaches and the knot vector T is achieved, the interpolation curve will be obtained by algorithms for calculating a system of linear equations [1, 10, 19] or by a robust progressive iteration algorithm [20, 21] Fig. 4(a) , and the cubic B-spline
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Xiongbing Fang curves obtained by Fang's, the proposed, the centripetal and the chord length methods are shown in Fig. 4(b) to Fig. 4(e) respectively. Distance deviations computed by the four methods with different values of α are listed in Table 1 Table 1 : Distance deviation of the four methods in example 1 Example 2. The data points are sampled from a hypotrochoid curve determined by x=100× ((a-b)×cos(t)+h×cos((a-b)/b×t)), y=100×((a-b)×sin(t)-h×sin((a-b)/b×t) ), where a = 1, 
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Discrete Curvature and Torsion-based Parameterization Scheme for Data Points Xiongbing Fang b=3/4, h=9/13, t= [-3π , 3π] and the sampling step=π/2. The data set contains 13 points and the polyline connected them is shown in Fig. 5(a) . The cubic B-spline curves obtained by Fang's method, the proposed method, the centripetal method and the chord length method are shown in Fig. 6(a) , and the cubic B-spline curves obtained by Fang's method, the proposed method, the centripetal method and the chord length method are shown in Fig. 6(b) to Fig. 6(e . The polyline connecting the points is shown in Fig. 7(a) , and the cubic B-spline curves obtained by Fang's method, the proposed method, the centripetal method and the chord length method are shown in Fig. 7(b) to Fig. 7(e) respectively. Distance deviations computed by the four methods with β=0 and different values of α are listed in Table 5 and also the centripetal and chord length methods are irrelative with α . In Table 6 
Algorithms comparison
From Table 1 to Table 3 , the minimum distance deviation of our method is smaller than that of the Fang's, centripetal and chord length methods when the discrete torsion information at each point is not taken into account. From Table 5 , the minimum deviation of our algorithm with β=0 is smaller than that of the Fang's about 2.8×10 -5 . From Table 3 to Table 6 , the proposed method can efficiently reduce the deviations when the discrete torsions are taken into account. As compared with Fang's approach, the deviation values of the proposed scheme for Examples 3 and 4 reduce about 0.023472 and 0.38761, respectively. As compared with the centripetal and chord length methods, the proposed one possesses many advantages.
From Table1 to Table 6 , the proposed method can obtain a minimum deviation value in a large range of parameter values and there is a pair of values of α and β that makes the parameterization results of our method being finer than the other three ways.
Future work
There are several possibilities for the extension of our method; we list a few of them as follows:
(1) The parameters of the data points have tight relations with the knot vector T and both of them have coordinative importance for the shape of the final interpolation curve. However, the relations among parameter values {t i }, the knot vector T and the arc length parameter of the final curve are not very clear and it is worthy of much more research.
(2) Another extension is to adopt different α i and β i for each parameter interval Δt i by taking the properties of concave and convexity of the given points into account.
Conclusion
Aiming at the shortages of common parameterization methods and Fang's improved centripetal method [9] , a new parameterization method, based on discrete curvature and torsion, is provided and illumined by the local differential geometric properties of a space curve at one point. Experimental results indicate that the distance deviation between the B-spline interpolation curve obtained by our method and the polyline of data points is smaller when compared with the centripetal, chord length and Fang's parameterization, thus the proposed method is more excellent for 2D and 3D data points' parameterization.
